We expand the most general lattice Dirac operator D in a basis of simple operators. The Ginsparg-Wilson equation turns into a system of coupled quadratic equations for the expansion coefficients. Our expansion of D allows for a natural cutoff and the remaining quadratic equations can be solved numerically. The procedure allows to find Dirac operators which obey the Ginpsparg-Wilson equation with arbitrary precision.
In the last two years we have witnessed exciting developments for chiral fermions on the lattice (see [1] for some reviews). It was found that the perfect action approach [2] leads to the fixed point Dirac operator [3] which obeys the Ginsparg-Wilson equation [4] . Also the overlap formalism for chiral fermions on the lattice [5] has led to an explicit expression for a Dirac operator which solves the Ginsparg-Wilson equation, the so-called overlap operator [6] . It was realized, that based on the Ginsparg-Wilson relation it is possible to redefine the chiral symmetry for lattice fermions and this new construction has spurred a wealth of interesting work [1] .
Unfortunately the numerical implementation of the two known solutions of the Ginsparg-Wilson equation seems to be rather troublesome. Computing the inverse square root which appears in the overlap operator is a numerically challenging and expensive task. For the perfect action the situation is even worse, since already the blocking procedure necessary for its computation is extremely costly and so far has been implemented only in two dimensions [7] .
In this letter we present a new approach to the Ginsparg-Wilson equation: The first step is to expand the most general Dirac operator D in a basis of simple operators on the lattice. In the second step we insert the expanded D into the Ginsparg-Wilson equation which then turns into a system of coupled quadratic equations for the expansion coefficients of D. Solving the Ginsparg-Wilson equation is equivalent to finding solutions for this system of quadratic equations. Any solution of the GinspargWilson equation, such as the overlap operator or the perfect action, corresponds to a solution of our system of quadratic equations. Many interesting aspects can be addressed in this new framework, such as e.g. the question if there is a continuous manifold of solutions in the space of coefficients of D.
Here we concentrate on exploring the possibilities for solving our system of quadratic equations numerically and using this approach for constructing new solutions of the Ginsparg-Wilson equation. We show that our expansion of D provides for a natural cutoff which turns the quadratic equations into a simple finite system. Solving this system numerically gives the values for the expansion coefficients. This procedure allows to construct approximate solutions which obey the Ginsparg-Wilson equation with arbitrary precision.
Before we outline the details of our construction, let us begin with some remarks: Usually the derivative term on the lattice is discretized by the following nearest neighbor term (U µ (x) ∈ SU(N) and we set the lattice spacing to 1):
However, it is perfectly compatible with all the symmetries to instead discretize the derivative term using
and there are many more terms that are eligible. Thus an ansatz for the most general Dirac operator D must allow for a superposition of all of the possible discretizations for the derivative term. In order to remove the doublers we also have to allow for terms that come with 1I in spinor space and again we allow for all possible terms. We generalize our D further, by including all terms also for the remaining elements Γ α of the Clifford algebra, i.e. we include also tensor, pseudovector and pseudoscalar terms. From our examples (1), (2) it can be seen that the terms are characterized by the orientations of the link variables U µ (x). The ensemble of links supporting the gauge transporters can be viewed as paths and we can denote our ansatz for the most general lattice Dirac operator in the following form:
To each generator Γ α of the Clifford algebra and to each pair of points x, y on the lattice we assign a set P α x,y of paths p connecting the two points. Each path is weighted with some complex weight c α p and the construction is made gauge invariant by including the ordered product of the gauge transporters U l ∈ SU(N) for all links l of p. The action is then given by S = x,y ψ x D x,y ψ y , where x and y run over all of the lattice. The next step is to impose on S the symmetries which we want to maintain: Translation and rotation invariance and invariance under C and P. In addition we require our D to be γ 5 
, where T denotes transposition and C is the charge conjugation matrix. To be specific, we use the chiral representation for the γ µ and C = iγ 2 γ 4 . When implementing all these symmetries we find that paths in our ansatz become grouped together where, up to sign factors, all paths in a group come with the same coefficient.
Before we present the explicit form of the most general Dirac operator with the above symmetries, let us first introduce an abbreviated notation: The terms in the Dirac operator are determined by the corresponding element of the Clifford algebra and the paths with their relative signs. For the two examples (1), (2) the paths are given by one (two) steps in positive µ-direction and one (two) steps in negative µ-direction with a relative minus sign. We now denote an arbitrary path of length n on the lattice by < l 1 , l 2 , ...l n >, with the l i giving the directions of the subsequent hops, i.e. l i ∈ {±1, ±2, ±3, ±4}. So for example the terms occurring in (2) are denoted by < µ, µ > and − < −µ, −µ >, where the minus in front of the second path is due to the relative minus sign in (2) .
Using this notation we can now write the most general Dirac operator on the lattice in the form:
The variables l i run over all of {±1, ±2, ±3, ±4} unless restricted otherwise. We use the abbreviation s(l i ) = sign(l i ). By we denote the totally anti-symmetric tensors with 2,3 and 4 indices. We choose the normalization of the elements of the Clifford algebra such that the elements appear as all possible products of the γ µ without any extra factors of i. For this normalization the symmetries C and γ 5 -hermiticity render all coefficients s i , v i , t i , a i and p i real.
The above mentioned structure of paths appearing in groups is obvious in (4) and we ordered the terms according to the length of the paths they contain. The paths in each group are related by symmetries and up to the sign factors have to come with the same real coefficient. All paths within a group have the same length. It has to be stressed, that in (4) for each element of the Clifford algebra we show only the leading terms, i.e. the terms with the shortest paths, of an infinite series of groups of paths. The dots indicate that we omitted groups with paths that are longer than the terms we show.
Let us now insert our expanded Dirac operator D into the Ginsparg-Wilson equation. To that purpose we define:
and finding a solution D of the Ginsparg-Wilson equation corresponds to having E = 0. Computing the linear part of E is straightforward: When evaluating the sandwich γ 5 Dγ 5 we find that the terms of (4) with an odd number of γ µ , i.e. vector-and pseudovector terms, pick up a minus sign, while the other terms remain unchanged. Thus when adding the two linear terms we find that the terms with an odd number of γ µ cancel while the other terms pick up a factor of 2.
The next step is to compute the quadratic term γ 5 Dγ 5 D. Here we have to multiply the various terms appearing in D. Each term is made of two parts, a generator of the Clifford algebra and a group of paths. The multiplication of two of these terms proceeds in two steps: Firstly the two elements of the Clifford algebra are multiplied giving again an element of the algebra. In the second step we have to multiply the paths of our two terms. This multiplication can be noted very conveniently in our notation, where multiplication of two paths simply consists of writing the paths into one long path:
It is straightforward to establish this rule by translating back to the algebraic expression of our examples (1), (2) and performing the multiplication in this notation. It can happen that, after multiplying two paths, a hop in some direction l i is immediately followed by its inverse −l i . These two terms cancel each other and we find < l 1 
This rule is used to reduce all products of paths appearing in γ 5 Dγ 5 D to their true length. In a final step we decompose the sums over the product terms into groups of paths related by the symmetries in the same way as we did above when constructing the most general ansatz for D. Adding the linear and quadratic terms of (5) we end up with the following expansion for E:
Again the expansion of E is an infinite series and we display only the leading groups of paths. 
Each coefficient e α i is an infinite series of terms. The crucial step in our construction is to realize that the groups of paths together with the corresponding element of the Clifford algebra, appearing in the expansion (6) , are linearly independent for arbitrary background gauge field. These groups of paths together with the products of γ µ have to be viewed as basis elements for the expansion of E. Before we discuss solving (7) let us first analyze our Dirac operator D for trivial background gauge field. In this case we can compute the Fourier transformD(p) of D. For small momenta we have to implement the conditionD(p) = i p + O(p 2 ), which leads to two more equations for the coefficients, the first one makes the constant term vanish and the second one requires the slope to be equal to 1. 0 = s 1 + 8s 2 + 48s 3 + 8s 4 ... , 1 = 2v 1 + 24v 2 + 4v 3 ... .
These two equations have to be implemented as well, and together with (7) entirely describe Dirac operators which obey the Ginsparg-Wilson equation and have the correct behavior at small momenta. The quadratic system of equations (7), (8) is completely equivalent to the Ginsparg-Wilson equation. The known solutions of the Ginsparg-Wilson equation, i.e. the overlap operator as well as the perfect action, correspond to two different solutions of (7) and (8) . Many interest
